CHAPTER 5 -idempotency of linear combinations of an idempotent matrix and a tripotent matrix
In this chapter, it is proved that -idempotent matrices are {3}-group periodic. A set of necessary and sufficient conditions for a linear combinations of two commutative idempotent matrices and to be -idempotent, is listed analogous to theorem 1.2.11. Then it is generalized to the problem of characterizing all situations in which the linear combination (where is an idempotent matrix and is a tripotent matrix) to be -idempotent, is thoroughly studied analogous to theorem 1.2.10.
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{3}-group periodicity of -idempotent matrices
In this section, first we define a {k}-group periodic matrices (cf. [13] ) and then it is to be proved that every -idempotent matrices are {3}-group periodic. If is a {k}-group periodic matrix then we see that this is equivalent to for Hence we denote the set of all {k}-group periodic matrices by S n (k) and is defined as Remark 5.1.7
The geometrical and topological aspects of S n (3) the set of all {3}-group periodic matrices as a special case of {k}-group periodic matrices (cf.
[13]) can be seen that S n (1) is a closed subset of S n (3).
Here S (1) holds along with either one of the following sets of conditions,
(ii) and , and This is analogous to the case 1 and hence the situation (vi) follows.
Case 5.
, and This is analogous to the case 2 and hence the situations in (vii) and (viii) are obtained by similar arguments.
Conversely, by substituting the corresponding sets of conditions (i) to (viii) in , the sufficiency can be settled.
Note 5.2.4
The following algorithm is helpful to understand the hypothesis (i.e., the different possibilities for a linear combination where and are commutative idempotent matrices to be -idempotent) of above theorem 5. If and do not obey any possibilities from steps then go to step 24.
If then go to step 21.
Otherwise, go to step 24.
If then go to step 22.
If then go to step 23.
If then go to step 25.
is not a -idempotent matrix and the algorithm is complete.
is a -idempotent matrix and the algorithm is complete.
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-idempotency of linear combinations of an idempotent matrix and an essentially tripotent matrix that commute
In this section, the problem of characterizing situations for a linear combination of an idempotent matrix and an essentially tripotent matrix to be -idempotent matrix, is studied. An essentially tripotent matrix is one for which and . Here it is assumed that the matrices and are commutative. Similarly it can be proved that .
Conversely, if we assume that and then
Hence the theorem is proved.
Theorem 5.3.3
Let ℂ be an essentially tripotent matrix uniquely decomposed as where and are non-zero idempotent matrices such that . Let ℂ be a non-zero idempotent matrix such that . If a linear combination with non-zero ℂ is a -idempotent matrix then at least one of the following sets of conditions necessarily hold.
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The choice of and differ from all the above cases then
Proof
A matrix must satisfy the following to be -idempotent. (1)
(5) (6)
(9) and differ from (1) to (8) and
This case is not possible since it leads to a contradiction.
It follows immediately that and
